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Though some will say that only fools
Thus twist dear old Peano’s rules,
Artistic minds on this agree:
2D is greater than 3D.
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Introduction

Hamiltonian truncation is a variational method of computation in quantum mechanics.
Historically, it has had great success in non-relativistic quantum mechanics, where it
manages to give fast and powerful approximations of the eigenstates and eigenvalues of
a theory.

The method is notable for its simplicity in concept, as well as the difficulties that
arise when trying to implement it for use in Quantum Field Theory, as this work will
hopefully show.

Variational methods make use of the fact that the ground state of a theory is the
function that minimizes the expectation value of the Hamiltonian. As is well known, for
a Hamiltonian H, for its true ground state [1g), and for any quantum state |¢), one has,

(vo|Hvbo) < (¥[H[Y). (1)

One can write the Hamiltonian as a part Hp, for which the eigenstates are easily
computed, plus an additional part AV:

H = Ho + AV. (2)

Hamiltonian truncation consists in truncating the basis |n) of eigenstates of Hy to a
given npyax., then evaluating the matrix elements,

Hpn = (m|Hp + AV|n) , (3)

before finally diagonalizing H,,,,.

The eigenvalues of this truncated Hamiltonian are guaranteed to be upper bounds of
the eigenvalues of H. In addition, they and the eigenvectors are guaranteed to converge
towards the correct value. Of note is the fact that this method accurately captures not
only the ground state, but also the excited levels.

In recent years, there has been a push towards integrating this method in the realm
of QFT. Matthew Walters et. al. have written an extensive introduction to Light-cone
Hamiltonian truncation, or LCT, on which most of this work is based. [1] My goal is to
apply the methods they outline to the simple case of the theory of electro-dynamics in
a two-dimensional space-time, henceforth referred to as 2D QED.

vii



viii INTRODUCTION

Hamiltonian truncation is enticing for a number of reason, perhaps the most impor-
tant of which is that it is non-perturbative. If the parameter A in eq. 2 is much smaller
than 1, then it is possible to compute the observables of the theory perturbatively, by ex-
panding in powers of X\. Such an approach has proven to be extremely successful in QFT,
where it is at the heart of how most computations are carried out in four-dimensional
quantum electrodynamics.

However, this method completely fails when the coupling is strong, i.e. when A is
greater than 1. In this case, Hamiltonian truncation can still be very fast and accurate.

QFT with strong coupling is a famously difficult topic. The complexity of nuclear
physics is perhaps the most notable example of how extremely complicated it can be to
compute apparently simple things in such a theory.

One of the avenues that has proven to be successful in that field is Lattice QCD, in
which the continuum of the theory is discretized, thus reducing the amount of compu-
tation needed from infinite to merely very large. The method has successfully predicted
experimental results, and thus provided confirmation that so far, the Standard Model of
particle physics is accurate. Most notably, the mass of the proton has been computed
and found to be within 2% of the one that we observe. [2]

However, Lattice QCD can be extremely computationally expensive, even requiring
the use of super-computers. In contrast, Hamiltonian truncation could be much cheaper
in computational resources, and the hope is that it could achieve higher levels of preci-
sion, or reveal new theoretical predictions that other methods could not yet find. For
example, dynamical phenomena such as scattering could be more easily computed with
Hamiltonian truncation, since it is formulated in Minkowski space, whereas lattice QCD
is done in Euclidean space-time.

We will work step by step through one example of how LCT can be deployed in
the study of 2D QED. A first chapter will be dedicated to the theory itself, as well as
the main ingredients that we will need for truncation. By the end of it, we will have a
framework in which we can compute matrix elements and diagonalize them to find the
eigenstates and eigenvalues of the theory.

2D QED is an interesting theory in that it is relatively simple, and yet exhibits
properties such as confinement and charge screening that are relevant to the study of
QCD, for example. The second chapter will be dedicated to analytically demonstrating
confinement in massless 2D QED, as well as numerically approaching the bound state
when the mass is turned on.

We will focus on the hard computations in chapter 3, by the end of which we will
have the matrix elements of the Hamiltonian, that we will be able to truncate and di-
agonalize programmatically. We will then show and discuss the results from truncation,
before concluding.

This work is accompanied by a repository written in python. It is published over
on Github, at https://github.com/sbacco/qed2_HT_Code. Every file and function is


https://github.com/sbacco/qed2_HT_Code

ix

documented with docstrings, so as to be as easy to understand as possible for someone
who has read this work. I will endeavour to maintain and expand it as this work
progresses, since there is so much more yet to be donel!
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Chapter 1

Two-Dimensional Quantum
Electrodynamics

The model we will study is the two-dimensional equivalent of Quantum Electrodynamics.
In the limit of massless fermions this is called the Schwinger Model, but we are interested
in the massive case as well.

It is interesting to derive the action of our model from first principles: we will quickly
look at the finite-dimensional representations of the Lorentz group in two dimensions,
derive the fermionic Lagrangian, and minimally couple with a gauge field by turning the
global phase symmetry of the fermions into a local one.

1.1 The Two-dimensional Lorentz group

The Lie group associated with Lorentz transformations in 2D is SO(1,1), and corre-
sponds to the transformations that leave the Minkowski metric invariant:

AN g :=nap ;0 = (é _01> ) (1.1)
In addition, these transformations must be parity preserving:
det(A) > 0. (1.2)
From eq. 1.1, it follows that
AFQA,® =6 =& A7 = AT, (1.3)
where the transposition AT is understood in terms of the metric. Since the determinant
of the inverse must be the inverse of the determinant, and since transposition leaves the
determinant unchanged, we can refine eq. 1.2:
det(A) = 1. (1.4)

1



2 CHAPTER 1. TWO-DIMENSIONAL QUANTUM ELECTRODYNAMICS

Eq. 1.1 yields three constraints on the matrix elements of A, since it has two indices
and is symmetric. This means that we are left with only one degree of freedom to write a
general transformation.! Hence, an infinitesimal Lorentz transformation can be written

as
A(on) =1 —1idnJ, (1.5)

with only one parameter 7 (often called rapidity), and J, the only matrix in the Lie
algebra so(1,1).
Injecting eq. 1.5 into eq. 1.1 we get the vector (spin 1) representation of the Lorentz

(0 1\ .
Jszl——1<1 0) =: —io,. (1.6)

From this we can of course get the general Lorentz transformation by exponentiating
—indJ:

s n(M\ _ —ing _ (coshn sinhn) 1 1 v
A(m_nlg{olo[\ <n>_e _(sinhn coshn)_‘/l_qﬂ v 1) (1.7)

Here we identified v = tanh(n). If A(v) takes one from frame Ry to R, then a particle
at rest in Ry is moving with a speed v in Rj.

algebra:

In terms of its algebra, the 2D Lorentz group can be identified with U(1). Of course,
the two are topologically very different (for one, U(1) is compact, whereas SO(1,1) is
not) but their algebras are identical.

U(1) has a continuous spectrum of 1D irreducible representations, each with its own
spin value that can take any real value:

R,(0) =e scR (1.8)

One could be tempted to say that the same should be true of the Lorentz group, and

indeed, one could write, '
AT = e, (1.9)

But if we look at eq. 1.6 for spin 1, and take the eigenvalues of Js—1, we see that it is a
direct sum of two irreducible representations:

(s=1)=(c=1)®(c=-1) (1.10)

The o = 1 part is called right moving, and conversely, o = —1 is called left moving.
Indeed, any vector can be separated into two such components:

V= ‘\ff; (_11> + ‘2 G) (1.11)

!The same reasoning can be nicely generalized to arbitrary dimension d: The orthogonality constraint
is symmetric, and thus it determines d(d + 1)/2 components of A. What is left are d(d — 1)/2 free
parameters, which is the dimension of O(d), SO(d), O(d — 1, 1), etc.
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V= and V7T transform respectively as eV~ and e’V ™. These are the true spin 1
and -1 irreducible representations of the Lorentz group in 2D. But we need both of them
to describe how parity-preserving vectors transform.

If V is interpreted as a momentum, then V'~ can only describe a massless particle
moving along the left side of the light cone, and VT the opposite. For this reason, this
particular choice of coordinates is called light cone coordinates, which we discuss more
below.

With all of this in mind, it is now possible for us to define spin 1/2 fermions in
2D. Following the example of spin 1, we will take a direct sum of left and right moving
irreducible representations of the Lorentz group, in order to form a parity-preserving
Dirac spinor:

(s=1/2)=(c=-1/2)® (0 = 1/2). (1.12)

So a general spinor can be described as follows:

e 20
U= <i§) i Agm1y0 = ( 0 e77/2>' (1.13)

1.2 The QED Lagrangian

We start with the free fermion. The free Lagrangian can contain terms up to order 2 in
the field ¥(x), and it can be up to second order in momentum id,,.

We thus start by constructing the various fermion quadratics that are parity invari-
ant. We can have a scalar term like

S =0V .= vy (1.14)

The above will be real and invariant under Lorentz transformations as long as we define

AV = (? (1]> = 0, (1.15)

Our action may also contain a vector that we then contract with id,. We thus need to
find the following;:

Ty 5 A1, Ty, (1.16)
The following identities can be useful in that endeavour:
e = coshn + sinhn ; e = coshn — sinh 7. (1.17)

First of all, we can see that the 4° we already found fulfills the role of the Oth component
of a vector:

U700 = whw & w2 L0 = empty + ey Ty (1.18)
= coshn (WLw + XTX) + sinh 7 <¢T¢ - XTX>
= cosh nT~°T + sinh nT~ T,
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where we define the following:

0 1 :
T (_1 O) = ioy. (1.19)

Similarly, it can be shown that Wy'W transforms as the 1st component of a vector.

From eq. 1.15 and 1.19, we find that the Dirac matrices obey the algebra,

{7} = 20 (1.20)

We could go on and look at rank-2 tensors, but the only relevant one is formed
from [y#,~"], which is anti-symmetric and therefore vanishes when contracted with two
momenta.

In the end, here are the two terms that can be put together to form a free Lagrangian:

Liee =V (i P—m)VT, (1.21)

where we use Feynman’s slash notation: v/ = v,7*. The signs are chosen so the Hamil-
tonian density is positive definite and the Klein-Gordon equation is satisfied.

To get to QED, we must take the global U(1) invariance of eq. 1.21,

T — 0, (1.22)
and introduce a gauge field, such that,
U — @y, (1.23)
A — A—do(z).

To render the Lagrangian invariant under local U (1), it is enough to replace the derivative
with the gauge-covariant derivative:

D, =0, +ieA,, (1.24)
= D, ¥ — @D, .

Adding the dynamic term for the field A leads to the QED Lagrangian:

1 _
Lqgp = 5F2+\11(i P—eh—m)T, (1.25)
F:=%xdA = EMVF‘MV = (90141 — (91140.
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1.3 Light-Cone Coordinates

As we have seen, light-cone coordinates are a natural way to express vectors in 2D
Minkowski space-time. As it turns out, it is also a natural way to perform quantization
when dealing with Hamiltonian truncation, as we discuss in further detail in the next
section. We will therefore express the Lagrangian 1.25 in those coordinates.

We define light-cone coordinates as

ot = tj;. (1.26)
It follows that the metric takes the following form in these coordinates,
2 -t =22 == <(1) (1)> (1.27)
Note that raising and lowering indices in this metric works as follows:
ot =z (1.28)

We will choose to foliate space-time along slices of constant . The Hamiltonian in
this scheme is P, the momentum along the positive section of the light cone. We have
the following identity, whenever the equations of motion are satisfied (M is the mass of
the state):

M2

pP,P*=9P P, =M?*=P, = —.
" + = op

(1.29)
Notice that for a massless (free) theory, Py is identically zero. This is a great
simplification of light-cone quantization. We will start with the basis states of a theory
of free fermions, and compute the mass term and interaction term in this basis before
truncating them. That will allow us to choose whichever basis we want, since our initial
Hamiltonian is always 0.
The Dirac matrices also have to be transformed accordingly. We find,

WA+t (0 V2
=1 :<0 0), (1.30)

_ =4t ro 0)
F = %dA is invariant under all coordinate transformations,? and is therefore simply
equal to 0_A; — 0+ A_.
We can further simplify the gauge field by using a particular gauge, called the light-

cone gauge, in which only the right moving part of A survives. That means we can set
A_=0.

2This is true up to a determinant of the transformation in question. In this case, the determinant is
—1, so there is no difference.
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Inputting everything in eq. 1.25 and simplifying,

Lqep = % 0-A)+ (wF X1 (ivPoy +iv 0 —eyT AL —m) (52) (1.31)
1 V20,1 — eV/2A 1 — mx

- % (0_AL)? + V2wl y — ev24, 0ty + vy to_x — m (wx + Xw}) .

From the above expression, it is evident that the fields A4 and x are not dynamical,
as they have no derivatives with respect to ™, meaning that they have no conjugate
momenta in light-cone quantization. We can therefore integrate them out. We first
derive their equations of motion:

0Lqep _ 0=—eV2ylyp —02A, = A, = —e\/§f12 Yy, (1.32)
5A, 02
SLQED o ~im 1
N —0—1ﬂ8_x—m¢éx——\/§8_¢'

Operators such as 1/0 have to be understood as convolutions with the Green’s func-
tion of whatever is on the denominator. In our case we define, for f(£oo0) — 0,

1= [ Z dyb(z — ) (). (1.33)
i@ = [ s,

And it can be checked that f is the derivative of 1/0f, and the second derivative of
1/9%f.

These terms make our Lagrangian non-local, but they greatly simplify it nonetheless
by eliminating two of the three fields, leaving us with a theory described purely by the
right moving part of the fermion: .

From now on, we will write 0 whenever we mean 0_, as well as x for ™.

Substituting everything in eq. 1.31 and doing some integration by parts yields the
final result,

for — iv/aut im? 1 51 o \?
QED =1V2¢'014 + ﬁq/f 5¢ —e (81/) 1/’) . (1.34)

We can identify the conjugate momentum as iv/2¢" and simply compute the Hamil-
tonian. We further renormalize the field for convenience,

) — 271y,

—0o0

[e'e} 2 2 2
- P, —/ dz [”;iw;zp + % (;W) ] . (1.35)
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1.4 Quantizing the Free Massless fermion

We will treat both terms of the Hamiltonian from eq. 1.35 with Hamiltonian Truncation.
The theory we need to quantize is therefore that of a free massless fermion,

Liree = 1010410, (1.36)
which gives the equation of motion,
= 0+ = 0. (1.37)

These equations of motion are very simple to solve: 1 is only a function x = z—. We
can expand it in modes of given p_:

m@:/ gkﬁwwmwm. (1.38)
0 1

Note the p = p_ is always positive as long as p is on-shell and P, is positive.
The light-cone conjugate momentum to 1 is i1)f, so we have the following canonical
anti-commutation relations:

{$(@) ()} = id(z — y) = {vf,0} = 6@ —y). (1.39)
From which we can verify that we get a Fock space made of fermions and anti-fermions,
p.€) = [0) . [p,—e) = b}[0) (1.40)

{ap,a;} = {bp, b};} =210(p — q),

{30:5} } = {anba} = {ap,3} = {bp,bg} =0,

as can be checked,

{utv} = /0 h g’gi ({ah 2 Jetom 4 fo,, b }ertomm)  (1an)
_ /OOO ;Li (eip(ﬂc—y) + e—ip(ar—y)>

00 0
— / @eip(x—y) _|_/ ;Lpeip(w—y) =d(z —y).
0

2n —oo 2T

One of the issues that one encounters with variational methods in QFT is that in
the canonical quantization scheme, a divergent vacuum energy is introduced. It is not
obvious to renormalize this divergence in the framework of truncation. In light-cone
quantization however, the Hamiltonian is not chosen to be H, but rather a combination,

_H-P

Pa= =5 (1.42)
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-
(or just x)

-
(or just x)

» X

Figure 1.1: On the top, creation of 0 momentum particle pair in Minkowski space. In
light-cone quantization, this is interpreted as a state with non-zero momentum p_. On
the bottom, we see that pairs of particles with 0 total p; will be suppressed, since one
of them has to go beyond the light-cone. This is translated mathematically by the fact
that p_ is always positive, and that eq. 1.44 always yields 0, except when both particles
lie exactly on the light-cone.

A peculiarity of this quantization scheme is that the vacuum energy of the free
massless Dirac theory turns out to be null. It might be useful to motivate why this
phenomenon happens.

We consider the creation of a pair of virtual particles in Minkowski space, and how
it is interpreted in canonical quantization, versus light-cone quantization.

Figure 1.1 illustrates the argument that we are about to make. By definition, p4
and p_ are always positive. Consider the amplitude for the creation of a particle pair in
the vacuum of canonical quantization. For that, we consider a sector of the Hamiltonian
Ho_o that creates two particles from the vacuum. It will take the form of,

o0 [e8) d4p .
<p1p2|H0~>2|0> = / dl’/ W <O| dpap, € x(p3+p4)f(p3,p4)a;3a;4 |0> (143)
—o0 —00

< dp;d
2/_00 §;Ezj2f(p1,P2)5(P1 + p2),

for some function f(p1,p2).
Notice how we get the kinematic constraint, py = —po. In canonical quantization,
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this condition is actualized, since the momenta range from —oo to co. This amplitude is
therefore non-zero, and typically leads to divergences in the form of vacuum diagrams.
In light-cone quantization, however, we find,

* dpid _
oiplPE?0) = [P )3 4 p) =0+ pa 0. (144)
0

for some other function f’(p1,p2).

We see that the vacuum contribution is suppressed almost everywhere. We could
still have an issue at > p_ = 0. And indeed, such a divergence appears in the mass term
from eq. 1.35. If we expand it using eq. 1.38, we get,

m? 1 m? [* dp
20 oty = 1 (4T T
T P ad) : 5 /0 omp (apap + bpbp> . (1.45)

The presence of a factor of p in the denominator seems to indicate that this term will
diverge at p = 0.

However, that will be easily avoided by choosing a basis of states that vanish at
p— = 0. For n-particle states with momentum P_ = ) p;, we want the basis states to
vanish on the boundary of the phase space. We call this basis a Dirichlet basis, because
the constraints implied resemble that of Dirichlet boundary conditions.

Note that no matter the results of truncation, this boundary condition cannot change
lest the mass term diverge. The eigenstates of the theory cannot contain a fermion of
null p_. We see this mathematically, but it is also physically evident. We know that
massive particles cannot travel at the speed of light, so it is not surprising to see that
turning on the mass term has the effect of suppressing particles moving along the light
cone.

If we quantize the fields in the light cone, and choose a Dirichlet basis as a starting
basis of states for truncation, then most divergences in the theory will be cured. This is
the scope of a later section.

1.5 The Free fermion as a Conformal Field Theory

We have studied the effects of Lorentz transformations in 2D Minkowski space. Another
set of symmetries we did not mention are translations along time and space. Together
with Lorentz, they define the Poincaré group, and its algebra, the Poincaré algebra:

[J,H] = —iP; [J,P] = —iH ; [H,P] = 0. (1.46)

H is the Hamiltonian and generates time translations, whereas P is momentum, and —P
generates spacial translations.

It turns out that the Lagrangian in eq. 1.36 has a larger symmetry, which is called
conformal invariance. Conformal transformations are coordinate transformations that
leave the angles unchanged, but may change lengths—whereas Poincaré transformations
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have the additional constraint of keeping lengths unchanged. Formally, they are the
group of coordinate transformations under which the metric transforms as follows:?

N — (X) M- (1.47)

A formal and complete treatment of this symmetry can be found in [3].

Schematically, there are three ways to achieve this. Omne can simply perform a
Poincaré transformation, and thus the Poincaré group is a sub-group of the Conformal
group. The other natural transformation is a dilatation,

x — el (1.48)

This is indeed part of the Conformal algebra, and we refer to it as D.

Conformal maps can be more than just rescalings, and there is another class of
transformations that we need called Special Conformal Transformations, or SCTs for
short. An SCT is parametrized by a vector a, and in coordinate space it looks as

follows:
2

T —z°a
T — . 1.49
1—2a-x+ a?x? (149)
It can be understood as an inversion & — /22, followed by a translation by a, and then
a re-inversion. We denote the generators of SCTs as KX,

The Conformal algebra looks as follows:®
[J,PH] = —iPH ; [J, KM = —iK* ; (1.50)
[H,P]=0;
D,K,] = —-iK, ; [D,P,] =iP, ;
K., Pu] = 2i (7D —€ud) .

To show that a theory is conformally invariant, one can check the trace of the stress-
energy tensor:

Oguw = ()N (1.51)
08 1 c(x)
— pv 1224 —
=48 = 5gi g = 2TWn c(x) = 5 T.

3Note the emphasis on coordinate transformation. Indeed the form of Q in eq. 1.47 is constrained
under a conformal transformation, and not every possible function is a valid choice.

Transformations that multiply the metric by an arbitrary function €2 are called Weyl Transformations.

4 At this point, you might ask yourself why inversions are not part of the algebra, since they are also
conformal transformations. Inversions are indeed part of the conformal group, but they are discrete
transformations and are therefore not captured by the Lie algebra. They are expressed as a combination
of SCTs and translations.

5Note that the (Wick-rotated) 2D case is actually a bit different. In fact, we can represent coordinates
on a 2D plane as a complex number z. The metric is given as dzdz.

A coordinate transformation will look like z — f(z), and the metric will transform as |dz|® —
1F(2)]° [l

So the real conformal group in 2D is of infinite dimension, as any analytic function f will satisfy the
requirements. All of these additional transformations are understood to be there, but we will only focus
on Poincaré, dilations, and SCTs. This amounts to only keeping functions f which are up to order 2 in
z.
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Thus showing that 7" = 0 is enough to prove that S describes a conformally invariant
theory.
From eq. 1.36, we find the stress-energy tensor:

T agﬁwayzp +H.C. — L3 (1.52)
"
=T, =0;T _=—-ipfayp=o.

So it is evident that free fermions in 2D describe a conformal field theory.

The eigenvalue of D is called the conformal scaling dimension, which we denote with
A. Operators in a CFT are eigenstates of D and therefore each have a conformal scaling
dimension.

An important result of CFT, that one can read in an exhaustive review by Rychkiv, [3]
is that, for any operator O(z), with scaling dimension A,

D|0,0) =iA|0,0), (1.53)
DP,[0,0) =i(A+1)P,|0,0),
DK, |0,0) = i(A — 1)K, |0,0),

where we define the state |O,x) as O(z) acting on the vacuum.
|0,z) = O(x)|0) . (1.54)

Furthermore, there are operators called primary operators that are annihilated by
Ku:
K. 10,0) = 0. (1.55)

Much like creation and annihilation operators in Fock space, this leads to a complete
description of the CFT in terms of all of its primary operators. All other operators of
the theory are obtained by successively applying P, to primaries. The set of primary
operators is often called the CFT data.

There is a basis of the Fock space contained in the CFT data. One way to obtain
primary operators of increasing scaling dimension is through the following construction,
derived by Penedones [4]. Given two primary operators A, B of scaling dimensions A4,
A p respectively, and a positive integer [, one can construct another primary operator,

l
[A, B, =Y, (Aa,Ap) 0™AJ B, (1.56)
m=0
(—=)"T (2A4+ )T (245 +1)
m!(l —m)IT' (2A4 +m)T (2Ag +1—m)’

. (Aq,Ap) =

This procedure is called the double trace construction, and allows one to find a basis of
primary operators of arbitrary particle number and scaling dimension. When using this
basis for truncation, one can choose to truncate after some maximal scaling dimension

Ay
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1.6 The Dirichlet Basis

The primary operators of lowest scaling dimension in a free fermion theory in two di-
mensions are ¢ and . They each have a scaling dimension of Ay =1/2.

However, we discussed in section 4 the need for a Dirichlet basis, and it turns out
that ¢ and 9T are not in fact zero, when expressed in momentum space and evaluated
at p_ = 0. Removing them from the basis of primary operators does not solve the
issue either, since the operators obtained through the double-trace construction will also
contain such terms.

Since we know these states are lifted out of the spectrum, we can in fact treat di
and Oy’ as if they were primary operators. Indeed,

K|0y) o [¢), (1.57)

and this operator is absent from the theory. Therefore one can define an operator K
which annihilates ¢ and ', and the result will be the same as lifting out terms that
depend on ¢ and ¥' from the spectrum.

In momentum space, 0_ becomes p_ and is enough to cancel the divergence in the
mass term.% Thus, applying eq. 1.56 recursively to 9i and 9! gives us our Dirichlet
basis.

In this work, we will only focus on two-particle, charge-neutral states. In this case, the
construction of the basis greatly simplifies. The only seed for our recursive algorithm

0oy, which has a scaling dimension of A = 3. Since we always have only two
particles in our states, we do not need recursion, and can simply access all of the states
by plugging 0! and dv into eq. 1.56:

= [0y, 9]a
A-3 - 2 .
z=:0 m!(m + 2)! A) [T(n 3)')(]A —m— 1)!8m+11/ﬁ3A . (1.58)

We will orthonormalize this basis, after truncating it at some Ay, to get our basis
for truncation.

One should note that in the case of two-particle states, there is in fact an analytically
derived orthonormal basis, which is built upon the Jacobi polynomials. The Jacobi

5This is indeed sufficient, but it is not always optimal, as we will discuss in chapter 4. If the wave
function must vanish at the boundary of the phase space, it does not necessarily behave linearly in p_
near that boundary.

Let us consider the simple case of two-particle states. We normalize the momenta to p1 = x and
p2 = 1 — x. States obtained through the Dirichlet basis will behave like (1 — z) near the boundary.
However, it can be shown that the eigenstates of 2D QED behave like 2°(1 — z)° near the boundary,
where s ranges from 0 to 1, and is only 1 for very large masses or very weak coupling.

More details are provided in chapter 4.
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On+3
5.501 oy
14.50010%)—14.502 oy
28.500T 83 —760%119%1)+28.593 T O
4801t 9%1h—240.30%T 9%1p4-240.303¢T9%9p—480* T Oy
2(1 - 2) PP (22 — 1) |
z(1l—x)
32%(1 — x) — 3z(1 — x)?
623(1 — ) — 1622(1 — x)? + 62(1 — z)3
102%(1 — x) — 5023(1 — 2)? + 5022 (1 — z)® — 102(1 — z)*

W N = O S [SCIN R el |

Table 1.1: First few elements of the operator basis, compared to the first few Jacobi
polynomials. They are identical up to a normalization constant, once we identify x with
o and (1 — ) with 9.

polynomials are a basis of functions on the interval [0, 1], with measure z%(1 — z)®:

oS0 () o

s=0

1
/ dzz®(1 — )’ PY (22 — 1) P (22 — 1) o Spm.
0

If we call the total momentum of our two-particle state p, and define, z = p;/p,
then the Dirichlet boundary conditions are obtained for a = b = 2. One then finds the
orthonormal basis,

Oulr) = \/ B S 00 [ - 22 (22 alpl (160

where the pre-factors come from normalizing the Jacobi polynomials.
Experimentally we find that, up to a complex phase,

|Oa=nys,p) = 2 ‘@n,p> (1.61)

The first few O,,43 and P£2’2) are listed side by side in table 1.1. We orthonormalized
the Oa after truncating at Ay = 6.
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Chapter 2

The Bound State in Massless and
Massive 2D QED

Following the steps described in [5], formulated in a more modern language, we will
show that massless QED — also called the Schwinger model — exhibits the property of
confinement. The whole theory can indeed be simplified to a theory of non-interacting
bosons, made of an exact electron-positron pair.

The fact that the theory confines can be understood classically. In one spacial di-
mension z, the Green’s function of the operator 92 is,

V(z) = |z|. (2.1)

Therefore, the electric potential of a point charge grows indefinitely, as distance from
the charge increases. This is a confining potential, since an ever increasing amount of
energy is required in order to separate two opposite charges.

In the context of QFT, as we put distance between the two charges, the potential
energy increases, and at some point it becomes preferable to create a particle-anti-
particle pair than to keep increasing the potential energy. That means that the two
particles, which we may call partons, will stay confined and form a bound state, which
we may call a meson, by analogy with QCD.

This is a very interesting property of the Schwinger model, as it is one of the simplest
examples of confinement one could think of. Usually, it is a very difficult problem to
analytically show this phenomenon, and the bound states that arise will generally be a
very complicated function of the partons. In this case however, we can easily show that
massless QED is equivalent to a theory of free massive scalar field.

We will also put this result in the context of Hamiltonian Truncation, and discuss
how it can be generalized to the massive case.

15
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2.1 Confinement in Massless 2D QED

We start with the expansion of the field in Light cone coordinates. We restate the result
from eq. 1.38:

b(z) = /0 - %’ [ape—m + b},eim} : (2.2)

As well as the LC Hamiltonian from eq. 1.35, when we turn off the mass term:

P, —/d:r< @z;ww) . (2.3)

In addition, a free, massive, real scalar field follows the Lagrangian/Hamiltonian,

2 2
L=0,¢0_¢ — MT& = P, = /dm]\géi. (2.4)

Let us define ¢ as follows, where the colons indicate normal ordering with respect to
the Fermionic fields:

¢ =iy (2.5)

Schematically, by comparing the two above Hamiltonians, it seems that if ¢ indeed
describes a bound state, then its mass must be proportional to the charge of the electron
e.

The next step is to expand ¢ in terms of Fermionic operators, and then to take its

Fourier transform:
= /0 / z(p- q)aTa —e i:’“"(p*q)bsz (2.6)
+ elz(Pta) aLbj} + efi’”(pJFQ)bpaq}.

For the Fourier transforms, we must keep in mind that the bounds of the integral
start from 0 and not —oo. Thus we only pick up a Delta function when both p and ¢
are positive, which will introduce Theta functions in the final result.

We showcase the first term explicitly, and then state the result:

/ dxelkx/ / & giap-a), / dp / dgd(k +p— q)a;gaq (2.7)
—o0 0

d
_/ p@(p+ k:)a;f,ap+k.
0

309 = [ asoa) (2.8)

00 dp
:/0 {0+ kafapen — 60— k)b_yby + 0(=p — K)albl,_ + 0k — p)byar-, |-
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This operator has a few properties of interest to us. First of all, because ¢ is a real
field we have,

d(k) = 6" (=k). (2.9)
From now on, we may take advantage of this fact by requiring & > 0. We will refer to

S(—Fk) as 91 (k).
Furthermore, from eq. 2.8, we get the identity (assuming k > 0),

(k) [0) = 0. (2.10)

This strongly suggests that gZ; might be interpreted as an annihilation operator. We can
formalize this by computing the commutators between ¢ and ¢. Since these can be
shown to be c-numbers, it is enough to look at their vacuum expectation value.

For (0| [gzgk, él} |0), there will always be a  hitting on the vacuum, which gives 0.

The only non-trivial case is,
|1, 6f] = <0\[¢3k,q3ﬂ\o> — (01646{]0) (2.11)
- /0 / 100k~ )01 — ) Olbyaxpa]_,b110).

The a’s and b’s conspire to give two Delta functions, while the Theta functions only
change the limits of the integrals (we assume without loss of generality that k < [):

k ! k
[6.4]] :/0 dp/o dq5(p—q)6(kz—l+q—p)=/0 Apd(k —1) = ko(k —1).  (2.12)

Therefore, we get a Fock space of spin 0 particles created by the operator,

ch = ,/%eWﬂP)qBT(P) (2.13)

P [e'¢)
, dg dg
‘ {/0 Tz Pt /o Vonp (2 bP+qbq>}'
[cp,cpr] =0 [CP,CL/} =2n6(P — P').

We added an arbitrary phase $ which may depend on ™ and the bound state momentum
P. This is however irrelevant to most useful results.

We need to check that the Hamiltonian also reduces to a simple free scalar theory,
but before doing this it is interesting to have a look at what the bound state actually
looks like:

Py = VPely [0) = /0 eabbl, ). (2.14)

Where we ignored the global phase .

This result is surprisingly simple and transparent: the bound state consists of a
pair of exactly one electron and one positron; their respective light-cone momenta are
uniformly distributed, and add up to P.
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This simplicity completely goes out the window when we turn on the mass term, but
it is a good starting point for a more general anzatz, as we shall see in a later section.

We now compute the (normal ordered) light-cone Hamiltonian in terms of the bound
state, by applying a Fourier transformation and normal ordering: !

P, — e;/:: dz : (égb(a:)) : P/OO 2d];2 CH—R)BR) : (2.15)

B © dp - oy dp 1 e \?2 t
—62/0 2np2¢T(p)¢(p)—/O 22 <f> CpCp

where we found the mass of the bound state,

M = % (2.16)

We assume the convention that e > 0.
The theory therefore reduces to a simple non-interacting scalar field. In that sense,
massless 2D QED is dual to the Lagrangian,

1 e ,
L=-(0,00"p——0¢"), (2.17)
2 T
which is completely solvable.

Adding the mass term complicates things a lot. The theory turns out to be dual to
a massive scalar field interacting through a cosine potential, [6,7]

2
£ [ - S emer s lontevio L) —1), ey

where ~ is the Euler-Mascheroni constant. 6 is a free parameter. This comes from the
fact that it is sometimes advantageous to create positron-electron pairs in the vacuum

!There is a subtlety here in that we do not specify whether we mean normal ordering with respect to
a and b, or with respect to ¢ (which is the one we end up using to go from the first line of eq. 2.15 to
the second).

Luckily, it can be shown that using the regular normal ordering, with respect to the fermions, leads
to divergences in the matrix elements. The operator cf) shown in eq. 2.8 contains terms in ab as well as
terms in a'a and b'b. These last two are the only ones that could potentially differ with normal ordering.
Specifically, one can show:

chep = chep ap —|—/ i(’] (a ag + bTb )
P

These additional terms happen to perfectly cancel the divergences in the interaction term, and thus seem
to be appropriate. We will specifically compute everything in the next chapter. One can see this choice
of normal ordering as a way of regularizing the divergences that come from tadpole diagrams.
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in 2D. [7] We have already set this term to 0 in eq. 1.35 by integrating out the gauge
field without leaving a constant term.

This new theory is not integrable, and so constitutes an interesting case for Hamil-
tonian truncation, especially given that it exhibits confinement and screening.

2.2 The Two-Particle Approximation

We will attempt to describe the bound state in the massive theory as being only made
up of two particle, charge-neutral states. We expect this 2-particle approximation to be
good at both weak coupling (m? > €2?/x), and strong coupling (m? < e?/r). Indeed, in
the limit where m? > €?/n, the theory is almost free. Similarly, we just discovered that
in the case m? = 0, the bound state takes the very simple form of eq. 2.14.

Therefore, we are in a position to make the educated guess that the general bound
state will be mostly two particles,

D) o~ /Opdqu< Jalbl_, 10} (2.19)

This is similar to Truncation, in the sense that we pick a suitable set of states to deter-
mine an upper bound on the actual wave-function.

Like with truncation, we now compute the Hamiltonian matrix elements over these
states, and look for its eigenvalues and eigenstates. We repeat the steps in [5]. The full
derivation is very similar to the one will will do in chapter 4, and one needs to be very
careful when regularizing divergences in the interaction term. Hence we postpone this
discussion and simply state the result for now:

1 2 62
w1 I¥) = B ply') =30 — )5 [ / w0 [ o)

/ dx/lmdy w(x+y>>]7

where we define ¢(q/p) := f,(q). The variables z and y which are integrated over are
normalized momenta, ¢/p. We also have the normalization condition,

1
(p|p") = po(p —p') / dap?(z) =: pd(p — p'). (2.21)
0
Varying the Hamiltonian in eq. 2.20 with respect to 1, and identifying M? = 2P, p,

(1 — ) )+ P/ dy [ (1 - (1:_1@2) w(y)} . (2:22)

where P [ denotes a principal value integral:

p [ al® </ RG] +/6bdxf($)> . (2.23)

—a T e—0 —a xT T

M*)(z) =
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Note that the mass term has a factor of (1 — x) on the denominator that forces 1 to
vanish at the boundaries. This is a feature we will encounter again in the next chapter.

We can evaluate the part of the above integral that does not depend on ¥ (y), as long
as we carry around a factor of e. The result is a standard eigenvalue problem, in integral
form,

1
b(x) =P /0 Ay (2, 5)d(y), (2.24)

K(z,y) = z(1 — z) <1—1y)2) [<M2—2> z(l—2)+1—m? _1.

(z —

Here, we have normalized e?/n = 1.

K depends on M, which is unknown, so we recursively compute the function ¥ and
the mass M. We can solve the equation itself by discretizing K and solving it as a
standard eigenvalue equation. Since K is multiplied by dy, which we send to 0, we
then take the highest eigenvalue as the one corresponding to 1. M is then computed by
integrating eq. 2.22, with a certain choice of normalization for 1,

1
M2:1—|—m2/ dmx(v’f(x)
0

e (2.25)

/01 dztp(x) = 1.

We start with M = 1, and recursively work our way towards the correct value.

This procedure behaves well when the matrix is singular on its diagonal. This hap-
pens to be precisely the case we are in. If we pick dy = €, then the principal value
prescription amounts to setting K = 0 on the diagonal. We will refer to this as the
linear algebra method.

We encounter an issue however when m? < 1. There is a value of 2 for which the
denominator in K(x,y) (eq. 2.24) becomes singular. In this case, we defer to a purely
recursive approach, starting with ¢ (z) = 1/2 and M = 1. We will call this the recursive
method.

2.3 Results from Numerical Integration

We set a recursion depth of 3 for both of our algorithms, and obtain values for the masses
of the bound states, as well as their momentum distribution (wave function).

Figure 2.1 shows the curves for the wave functions, which can also be found in
Bergknoff’s article [5], although a different normalization is used there.

The reason we use such a low recursive depth is that we lose a lot of precision with
each numerical integration. Because of that, the curve at m = 0.2 is in fact much flatter
than the one found by Bergknoff. But the linear algebra method seems to correctly
capture the shape of the wave function for masses greater than one.
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Figure 2.2 shows the mass of the bound state, as a function of the fermion mass. We
see a kink at m = 1, which is due to the sudden change of methods.

Here, both methods seem to converge towards values similar to the ones found by
Bergknoff, although the linear algebra method is again more accurate. At large m, the
mass of the bound state should show a linear dependence on m, with a proportionality
constant of 2. This is indeed what we see.

We also show a comparison of the two methods at masses above and below 1, re-
spectively, in figure 2.4. We see that the recursive method is very slow to converge, and
that the linear algebra method introduces singularities at,

<i - M2) o(l—z)=1—m? (2.26)
These singularities are purely an artefact of discretization, and they completely hide the
true shape of the curve.

We notice that in the case m? < 1 (in units of €2/ = 1), the distribution looks
almost flat. We know from eq. 2.14 that for m? = 0 we do have a flat distribution. In
massive, but strongly coupled 2D QED, the distribution is nearly constant, except at
the edges where it must go to zero to satisfy the boundary conditions.

At weak coupling (m > 1), the partons interact much less with one-another, and
we see the wave function is peaked at = 1/2, where both particles share half of the
momentum. This is the kinematic configuration that minimized the energy for two free
particles with total momentum p.
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Solutions to the bound state wave function

— m=0.2,M=12
m=1.0M=2.38
— m=5.0,M =105

3.0
2.5
2.0

= 15
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0.5
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0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.1: Numerical Solutions to the bound state wave functions.
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Figure 2.2: Numerical Solutions to the bound state mass, as a function of the fermion
mass. We clearly see the shift between the two approximation methods at m = 1.
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Solutions to the parton wave function at m=3

0.06

0.05

0.04 1

= 0.03

0.02

0.01

—— linear algebra solution, m=3
0.00 recursive solution, m=3

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.3: Comparison of the solution obtained from linear algebra vs. purely recursive
method, at m = 3e/+/n. The recursive solution takes a lot more time to converge.

Solutions to the parton wave function at m=0.2

1.2
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0.4 4
—— linear algebra solution, m= 0.2
recursive solution, m=0.2
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X

Figure 2.4: Comparison of the solution obtained from linear algebra vs. purely recursive
method, at m = 0.2¢/+/%. The linear algebra method artificially introduces divergences
near the edges.
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Chapter 3

Computing the Hamiltonian
Matrix Elements

In this chapter we will compute the two-particle, charge-neutral sector of the matrix
elements of the 2D QED Hamiltonian from eq. 1.35. This should allow us to approximate
the bound-state wave function, and compare it to the result we obtained in the previous
chapter.

The coming calculations are straightforward in concept, but one can easily get lost
in the details, as they can get quite tedious. Let us first outline the main steps.

We will first compute the Dirichlet basis, following the theory that we saw in chapter
1, section 6. This will give us states |Op,p). We will then compute the correlator of
these states, or the inner product,

(05, p|O0, D) - (3.1)
We will be able to diagonalize these matrix elements, thus obtaining an orthonormal
basis of states |O, p).

Moving on, we will compute the matrix elements, (O, p'|P+|O,p). P4 is composed
of a mass term, and an interaction term, as shown in eq. 1.35. We will show how to
compute the matrix elements for each of those individually.

In practice, the operators |O, p) are integrals over polynomials in the momenta of
the particles that compose O (see e.g. table 1.1). It will therefore be convenient to carry
out our computations with monomials, i.e. products of powers of the momenta of the
partons.

3.1 The operator basis

We would normally use a basis of primary operators, the lowest of which is ¥4, in the
sector we are considering.

However, this leads to infrared divergences in the mass term, that behaves like
d}%w ~ 1. Hence we need to suppress all terms in the conformal basis that contain

P
fields on which no derivatives act. We call this new basis the Dirichlet basis.

25
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Formally, this amounts to treating 91 and dv' as if they were primary operators, of
scaling dimension 3/2.

We use the double trace construction 1.56 to build operators of higher scaling dimen-
sion. For the two-particle sector, we recall,

l
Op:= Y domylo—mtly, (3.2)
m=0
Lo (=)™ +2)”
O ml(m 4+ 2)1 (= m)Y( - m + 2)1

C

From this, we get primary operators O;, the scaling dimension of which are Ap, = 3+1
The basis we choose is not exactly that of primary operators we picked this way, but
their Fourier transform, which will be more convenient:

0, p) = / dze— 70 (z)|0) (3.3)
We will then diagonalize this basis so that the following applies:

(O,1'|0,p) = (2n)0o0r (2p)0(p — P') (3.4)

This can all be carried out in code, for a finite choice of maximum scaling dimension
Amax-

From now on, we will compute matrix elements and scalar products in terms of
monomials, which are the building blocks to our primary operators:

k) =i [ a0 9 (2) 0 (3.5)

_ jltkitka— / / dp1dp2 prph2e=i-pi=p)e,t bt o)

Do Pl P2

dp1dpa ki Kk
:/0 o p11p225(p—]01—p2) Ip1p2)

where we defined |p1p2) = ag,l bLQ |0), without a factor of \/pipz, for convenience. Note
that a scaling dimension, A = ki + ko + 1, appears. This is because this monomial is
thought of as part of a conformal operator. Since the latter is but a linear combination
of monomials, we can isolate such factors. We also multiplied the state by a phase of
il=2. This is also a convenient choice, so that all factors of i cancel each other out.

3.2 Correlator and Mass Term

The first step consists in diagonalizing the basis of primary operators we have con-
structed. To do this, we build the matrix elements of the scalar product between mono-
mials,

(kska,p'|k1ka, p) =: (21)0(p — p')Gr,
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where by G we mean Gy, ks, ks .k, - From there, it is then a simple matter to diagonalize
G and get an orthonormal basis of primary operators.
Knowing that,

(pspalp1p2) = (27)%0(p1 — p3)S(p2 — pa),

we can compute:

o 4
(kska, p'|k1ke,p) = /0 dp (H]ﬁ) 6(p—p1 — p2)0(p’ — p3 — pa)d(p1 — p3)d(p2 — pa)
=1

(3.6)
i
=6(p 1) / dgg"1 e (p — q)Fthe
0
r_q (k1 + kg)!(ktg + k4)!
— 2 o A+A 1(
mp = PP 2m(A+ A — 1)1
Therefore, we can work with the following expression:
11 (k1 4 k3)! (k2 + k4q)!
Gk:pA+A—1( 1+ k3)!(k2 + ka) (3.7)

2n(A+ A’ —1)!

G, generally depends on p, but we can always work with p = 1, in order to compute M?2.
The light-cone Hamiltonian is the operator P, = M2?/(2P_). Since the states |O, p)
are momentum eigenstates, this directly informs us of the mass operator:

M2 1 T
(ksks, p'| ) |k1k2,p) = % (kska, p'| M? |kika, p) = 1;5(17 —p)GI". (3.8)

In a theory of free fermions, for which we have,
m? 1
P,=— :yiZy:

the two-particle, charge-neutral sector turns out to be very simple. Expanded in terms
of creation and annihilation operators, the mass term reads,

m? 1 m? [ dp
ooty = N, T
— 1 adj b= /0 - (apap + bpbp> . (3.9)

Plugging in the in and out monomial states, we get,

(3.10)

m? 1 m? P 1 1
(k3ka,p'| <21 : Wg”lﬁ 1> |k1ko, p) = -0 —Pl)/o dqq™ s (p — q)keth (q + p_q>
m? A+A’—2 (lﬁ + k3 — 1)!(]{?2 + k4)! + (lﬁ + kg)!(k‘g + ky — 1)!

_ R
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Note that this is only true in the Dirichlet basis. Notice that before we simplified,
the binomial coefficients contained terms proportional to I'(k; + k; — 1). These terms
are well-behaved in the Dirichlet basis, where we are guaranteed that k; > 0. However
in the conformal basis, Anin = 1 and these terms diverge.

It is also healthy to check that this result makes sense. Indeed, we are considering
the two-particle sector. Assuming there are no interactions, the eigenvalue for the mass
squared of the lightest state should be 4m?2. The simplest of our basis states is 91T .
We can normalize it using eq. 3.7 to get O = 2v/15n09 0. Evaluating the mass term
on this state gives,

2 2
20 (p — p’)p552ﬂ; > 218 (p — p’)ﬁgz-

So we get a valid upper bound, since it can be shown that 5 is the successor of 4.

3.3 The Interaction Term

Here we look at the more complicated interaction term. As mentioned in the previous
chapter, if normal-ordered with respect to the Fermions, this term contains divergences.
Instead, if normal ordered with respect to the bound state in the massless theory, the
divergences cancel out.

Recall that in terms of the boson operators c;r; and ¢, the interaction term reads as
follows:

> q M2
P+:/ Lo e, (3.11)
0

T 4 ipt / q ( T bl b )
E /0 \/map p-at 0 V2mp p+eda T Ppta

One can apply normal-ordering to this term, and find the following result:

> dqdq
C;f)cp - CL +/O 2Ttp p+q{aq’ aT }ap-i-Q' + bp-l—q{b‘I’ bq }bp-HI’)

> dg
= c;f,cp = chp +/ » aq + b b ) (3.12)
p

The modification is proportional to a mass term, and has the effect of cancelling out a
divergence in the t-channel of the interaction term. To see this, we expand P, keeping
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only the charge neutral 2 to 2 terms. We get,

(3.13)
P1 D3
p1 p3
00 d4p
P, = 210 —p3 — —
+ /0 (2m) né(p1 + p2 — p3 — p4) >~W<
D2 pa P2 P4

p1 ——DP3
4! —F—m\p\pg
+ i j +
b2 D4

P2 —<— P4

2/ d'p 210 (p1 + )([ ! + ! ] bl,al ap,b
= s - -
) - P1TP2 —P3 — P4 (p1+p2)2 (p3+p4)2 D4 pd p1Vp2

[ 1 + 1 ]b a,. b
(p1 —p3)2  (p2—pa)?] ™ 3ps3p1 Pp2

P2 dq 2né(p2 — pa)
1478 / 2 b by,
(p1> 0 2m (CI b2 )
Pt dg 2n6(p1 — p3)
4o B Sttt S 2PN .
A (m)/o or (q—p1)? P

The first two diagrams (s and t channel) come from simply expanding the normal-
ordered part of P, and keeping only the terms proportional to bfafab The factors of
1/q?, with g the exchange momentum, come from the 1/0? term in the Hamiltonian. It
can be thought of as the photon propagator in this theory.

The loop diagrams come from the additional bit in eq. 3.12, and are computed as
follows (we show the case with particles created by af):

®dp MZ [ dq t 2/ dpidps _+
—_—— — = 3.14
/0 21 2p /p p 2T Jy ()R e (3.14)

_ / dpy /’“ dp> ainapl
0 —p2)°
Pt dg 2nd (p1 — p3) _+

dp
=e? L) —p3—p4)2 / —
6/0 (2n)1 6 (p1 + p2 — p3 — pa) 210(p2) 0 2% (q—pi)? Apsap;

The s-channel is finite and can be evaluated in a similar way as we did for the mass
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term or the inner products. We get the following matrix elements:

b1 ps3

2 Veolboll !
/ _ € NG AFA -2 k1lkolkslky!
k] M ks ) = O = D Ty + 1k + Fa T D

D2 2

(3.15)

Let us dwell on this result for a minute and check that it is sensible. We know that in

the massless theory, the bound state is simply v/2nt)T). This state is already normalized.

The interaction term contains no divergences that require the use of a Dirichlet basis,
so we can plug k; = 0 in the above expression. The result is immediate:

2n<

exactly as we had computed analytically. Of course, one needs to verify that the t-
channel (plus tadpoles) is 0 when evaluated on Y1), and that is indeed the case.

2

‘w%p> = 2nd(p — p’)e?

A careful evaluation of the t-channel, together with the loop diagrams, reveals that it
is indeed finite. The whole expression can be brought down to a Principal value integral,

1 l'kl —.Z'k2 k3 _ k_x —$k4
T(k) = 73/0 dwdy L= [y E;—Z))Q Aot (3.16)

We outline the main steps in computing the matrix elements, which consist in simplifying
all of the Delta functions, grouping the terms, and normalizing the momenta to 1:

p1 —»— D3

(k3ka, p' ‘ ; ? |kika, p)

p4 P2 —«— P4
(3.17)
2 pd d 2 kl _ k)2 k3 _ k4
= ord(p— ) / PLdps 2p) (P —p1)™p3 (210 P3)
2 (21) (p1 — p3)
P dpl P1 dq pk1+k3 p p k2+k4 P dpg D2 dq pk2+k4 p P2 )k1+k3
—2/ / 2
p1 — (] p2 - Q)
k1+ks ko+k
p p — p1)*2pht (p — pa)ft —p p—pp)trT
27: (p1 — p2)

2

(& /_
= %5(19 - p/)pA+A 2T (K, ko, ks, ka).

}
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_l’_

Here, we used the following fact:
/p dp, /p1 dg pi+hs (p — py Yharths /pdm/pl dg ph+ha(p — py Yhr-+s 5.18)
(p1—q)? o 2n Jo 2m p1—q)2 '
Pdpy [P dgpittRe(p— p1 Jhaths Pdpy [P dgpiite(p — py)heths
/ / (p1 — q)? - /0 /p 2
. /p dp1dp2 Pkl+k3 (p — p1)r2tha
0

(2m)? (p1 — p2)?

From eq. 3.16, one can see that putting k; = 0 simply yields 0, which is exactly what
we wanted.

1 4T pl_Q)

=]

All that remains to be done is to evaluate Z. To do this, we expand (1 — z)*2,
(1 — )%, and (1 — y)*, using binomial coefficients as follows:

(1—2)F= Zk: (i) (—2)™ (3.19)

Then we get,

ko kg

I(ky, ko, ks, k) = Z Z m+"< > <’:§> J (k1 +m, ks +n), (3.20)

where,
1 ahyt — 2F kHL +1H; -1
k1) := dzd = — Hiy. 3.21
Tk1) =P [ daay™ Lt iy e (321)
H,, is the n-th Harmonic Number,
"1
Hy=) - (3.22)
3.4 Summary of the Matrix Elements
In summary, we have the inner product,
<O/7p/‘(’),p> = 2TE(5(p _ p/)pA+A’fl Z Clgkgcl?gk4gk1k2k3k47 (323)

k1kokska
(k1 + ks)!(k2 + ka)!
Okrkoksks = ;
2n(A+ A —1)!
We use this formula to diagonalize the basis of primary operators with momentum p = 1.

We then compute the matrix elements for the mass squared. Since we set p = 1, we
have, M? = 2P2‘p:1. We separate the mass squared into two parts,

2
M2 = 2r8(p — p/)p~ A 2 <m2K + 6V) . (3.24)
T
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K is the mass-term contribution, and is evaluated as,

(O'|K|0) = Z Ci ks Cn s Ko kg (3.25)
ki1koksky
K B (kl—i—kg—1)!(k2—|—k4)!+(k1+k3)!(k2+k4—1)!
kikoksks — (A A 2)! .

The interaction term V contains contribution from the s-channel, the t-channel, and the
regularizations from the loop diagrams. Putting everything together, we get,

<O/| \ ’O> = 2 Clgkgclgk4vk1k2k3k4» (326)
k1kokska
Y kilkolkslky! ke ks man ko ka k ;
ki1koksky — (kl n ]{72 n 1)'(k3 + k4 + 1)' - ";)nzo(_) (n) (m>j( 1 +m7 3 +n),
H,+bH,—1
Tlab) =220 70 Ho,

a+b
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Results from Truncation

We implemented the rules that we found in the previous chapter, first orthonormalizing
the Dirichlet basis by diagonalizing the inner product (eq. 3.7), then computing the
matrix elements of the mass-squared operator. While doing so, one has to keep in mind
that the coefficients of the monomials may be complex, therefore, if we define,

0) = Z Chogs [K1k2) (4.1)
k1,k2

where, remember, |k1k2) are monomial states, then the matrix elements are,

om0 = 3 (C) CRLGI. (4.2)
k1,k2,k3,ka

We know how to compute GMQ, so we know the Hamiltonian. Then we simply diago-
nalize M? over the truncated basis, and find the output of truncation: eigenvalues and
eigenstates.

4.1 Convergence

From this section onward, all masses are expressed in units of e/+/n. The total momen-
tum of the state P is normalized to 1, and we refer to the momentum fraction x = p/P
or the momentum p interchangeably.

We have a few known values against which we can check the result from truncation.
First we turn off the interaction, and only focus on the mass term. If we set the mass
equal to 1, then we know that the lowest eigenvalue must converge to m% = 4. And
indeed, figure 4.2 shows exactly that. At Apa.x = 12, we reach a value of ~ 4.08. In
addition, the convergence of the mass term is very fast. Not only is it converging fast
when A increases, the computational time required is also relatively small.

The interaction term is very different in that regard. The integrals appearing in
the t-channel require more time to be computed, and the convergence in A is generally
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slower. Figure 4.2 also shows the convergence of the interaction term when the mass
term is turned off. In the Dirichlet basis, the lowest eigenvalue takes a lot more time
than in the conformal basis to go to 1. It does seem to be headed that way, however.
At Apax = 12, we reach a value of ~ 1.5.

The reason the convergence is that slow is due to the choice of basis we have made.
The Dirichlet basis behaves as p(1 — p) near the boundary, i.e. near p=0and 1 —p = 0.
But in massive QED, the bound state wave function actually behaves like p®(1 — p)*,
where s is determined from,

e%mQ =1 —nscot ms. (4.3)
This result was shown by t'Hooft for 2d QCD, and by Bergknoff in 2d QED [5,8]. In
eq. 4.3, s is only really 1 when m? — oo, and if the approximation is not too terrible
for m? > 1, it converges slowly at m? ~ 0.

We also plot the convergence of the lowest eigenvalue, for a fermion mass of m =
2e/y/m. Here, the mass is of about the same order as the coupling, and we see a very
fast convergence. The mass of the lowest eigenstate is approximately 4.77e/+/%, which

is slightly above the mass of two free fermions 2m, as one would expect.

Bound State Mass in terms of the Fermion Mass

5.0
=== Numerical Integration

45 4 Truncation, Aw =3 o
—— Truncation, Ay =7 ’

A
4,0 1 —— Truncation, Ay =12
3.5 4
= 3.0

2.5

2.0

1.5

1.0 A

T T T T T T T T T
0.00 0.25 0.50 0.75 1.00 125 150 L75 2.00
m

Figure 4.1: Numerical integration vs. Truncation on estimating the mass eigenvalues
near m? = 0.

4.2 Reproducing the Bound state curves

Back in chapter 2, we made the anzatz following Bergknoff [5] that the bound state is
mostly two-particles, and arrived at a set of integral equations that we could solve numer-
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ically. Unfortunately, truncation in the two-particle sector does not teach us anything
new. We just made the same anzatz as we did before. It would have been interesting to
study the 3 or 4 particle sector, and it is surely an interesting way forward. Regardless,
this works as a proof of concept for how to properly understand the Hamiltonian of 2D
QED in the context of truncation, and a necessary first step towards more interesting
results.

With the output of truncation, we accurately managed to reproduce the curve giving
the mass of the bound state in terms of the fermion mass. Figure 4.1 shows a relatively
good convergence, except in the low mass regime. For higher masses, the Dirichlet basis
becomes more accurate and we see that the curves match closely to one another.

One should also note that we are comparing to the curves we computed in chapter
2. The curves computed with the recursive method (for m < 1) are not necessarily more
accurate than the ones we computed using truncation.

The general argument we mentioned above seems to hold true: truncation becomes
more and more accurate as m? grows. Close to m? = 0 however, the error stays of the
order of 10% or more.

We can of course also study the wave function of the bound state. We have the
anzatz,

1
p
= — dzy(z) |zp, (1 — x)p) , 4.4
) == | devie)en. (1= o) (4.4
as well as the eigenvector with lowest eigenvalue, from truncation,

Oo,p) =Y oS krka, p) . (4.5)
ki1ko

This state is an integral over a polynomial in p and (1 — p), and corresponds exactly to
the anzatz in eq. 4.4. We have,

P(a) =Y O akr(1—z)k, (4.6)
K1k

We plot the wave functions at Apnax = 12 and compare to the results from numerical
integration (figure 4.3). Close to m = 0, convergence is slow and the plots do not quite
match. The wave function at m = 1 is somehow very close to the function p(1 — p),
except at the edges where it behaves as y/p(1 — p), as per eq. 4.3. At m = 5, we see
again that the curves match very well, and the distribution is more and more peaked as

we increase the fermion mass.

We also show the bound state wave functions at different degrees of truncation in
figure 4.4. There, we see that the wave function at m = 1 is already very close to the
correct limit when Ajs is low. We also plotted the case where the interaction is turned
off. There, we see that the wave functions converge towards a Dirac Delta function
centered at z = 1/2.
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Convergence of the lowest M? eigenvalue
m? =1, without interaction

5.0
4.8
4.6 -
4.4 1
4.2 1
0.02 0.04 0.06 0.08 0.10
ya?
Convergence of the lowest M? eigenvalue
m? =0, with interaction
3.2
3.0
2.8
2.6
2.4
0.02 0.04 0.06 0.08 0.10
1/a?
Convergence of the lowest M? eigenvalue
m? = 4, with interaction
23.3 1
23.2 1
23.1 A
23.0
22.9
22.8 -
0.02 0.04 0.06 0.08 0.10
1/a?

Figure 4.2: A ranges from 3 to 12. The lowest eigenvalue is plotted against 1/A2. From

top to bottom: convergence of the mass term towards a value of 4m?, convergence of the

interaction term towards a value of 1e?/, convergence of the lowest eigenvalue towards
a value of about 22.81¢%/x, for a mass of 2e/+/x.
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Solutions to the bound state wave function

1.2

1.0

0.8 1

0.4 1

0.2 1

—— m=0.2, M = 1.2 (numerical integration)
0.0 —— m=0.2, M = 1.6 (truncation)

0.0 0.2 0.4 0.6 0.8 1.0

Solutions to the bound state wave function

1.4

1.2

1.0

0.8 1

0.6

0.4 1

0.2

—— m=1.0, M = 2.8 (numerical integration)
0.0 —— m=1.0, M = 2.9 (truncation)

0.0 0.2 0.4 0.6 0.8 L0

Solutions to the bound state wave function

3.0

2.5 A

2.0 1

—— m=5.0, M = 10.7 (numerical integration)
—— m=5.0, M = 10.7 (truncation)

1.0

0.5

0.0 1

0.0 0.2 0.4 0.6 0.8 L0

Figure 4.3: Numerical integration (blue) vs. Truncation (orange) on estimating the
bound state wave function at m = 0.2, 1, and 5. x is the momentum fraction, p/P.
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Convergence of the wave function at m=0.2, from Ay =3 to 12
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Convergence of the wave function at m=1, from Ay=3to 12
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Consvoergence of the wave function, with no interactions, from Ay = 3 to 12

0.0 0.2 0.4 0.6 0.8 10

Figure 4.4: Bound state wave function at various degrees of truncation, for m = 0.2, 1,
5, and for the interaction turned off. Aj; ranges from 3 to 12 by steps of two. A lighter
shade of blue indicates a lower value of Ajy.
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Conclusion

We have provided a modern rephrasing of Bergknoff’s 1977 paper [5], as well as a con-
struction of 2D QED from the ground up. We have introduced the concept of light-cone
quantization, and its peculiarities, while putting it in the context of Hamiltonian trun-
cation.

We have shown that Hamiltonian Truncation can provide very accurate approxima-
tions for the mass and momentum distribution of the lightest bound state in both weakly
and strongly coupled 2D QED. We have developed code that is able to carry out these
computation, and that can be further expanded to include higher order corrections as
well as to compute other interesting features of this theory.

We have successfully reproduced the results from Bergknoff [5] with a method of
recursive and numerical integration, and then with Hamiltonian truncation. We have
gained an understanding of the lightest bound state in 2D QED through both analytical
results and Hamiltonian truncation.

In the weakly coupled regime, we expected the mass of the lightest bound state to
have a near linear dependence on the mass of the partons that compose it, its momen-
tum distribution to be peaked around the point were the two partons share the same
momentum, and fast convergence of truncation with the Dirichlet basis. Conversely, in
the strongly coupled regime, we expected slow convergence, a momentum distribution
that looks almost flat, and a bound state mass approaching the value of e//%t, where e
is the coupling. We did observe all of these features.

5.1 Future Directions

In this work, we have only focused on the ground states, but the excited states of 2D
QED could also be studied in a similar fashion.

We have shown confinement analytically, but an interesting avenue to explore would
be to see if this can be elucidated through truncation alone. We did not discuss the
phenomenon of charge screening at all, which is an interesting feature of the Schwinger
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model (2D QED at m = 0), and could be the subject of further work.

The code we wrote was initially intended to treat n-particle states. However, the
work ahead was too important and could not be carried out in the time imparted.

Since the computation time becomes very large very fast with n particles, the idea
was to compute the matrix elements in radial quantization, in which they are much more
sparse than in the Fock space method we outlined here. However, this proved to be very
difficult, since it is not immediately obvious how one can renormalize the divergence in
the interaction term using this scheme. After many months of trial and error, this had
to be left out of the scope of this work.

With more time on one’s hand, one could of course get the radial quantization scheme
to work. But there is another way forward that can be explored.

Indeed, convergence is really slow at strong coupling (low mass) when using the
Dirichlet basis. But one could devise a basis that satisfies the boundary conditions in
eq. 4.3. This is easily done for the two-particle spectrum, where it is enough to pick
different Jacobi polynomials, P,(LQS’ZS), with s arbitrary, rather than P,(Lw). Preliminary
results show that this basis is optimal for the ground state, with convergence rapidly
setting in. Having a procedure which includes contributions from n-particle states, n > 2,
is important since the bound state actually contains contributions from that sector, when
m? # 0. We have postulated, as did Bergknoff, [5] that the bound state is mostly two-
particles, but it would be nice to quantify this, and truncation is an ideal tool to do
S0.
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